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CONTINUE



Continue: Definition?



Continue: “Definition”
• Continue at a point 𝑥 = 𝑎: 

• There isn’t any  “jump” around 𝑥 = 𝑎

• Continue on an interval: 
• The graphics can be traced with pencil without lift the pencils 
• The points on the graphics always “connected”



Continue: Why is it important? 

• If function 𝑓 continue at 𝑥 = 𝑎, then the value 𝑓(𝑎) could be 
approximated with the value of the function in the neighbourhood.
• Example: 𝑓(𝜋) approximated by the sequences 

𝑓 3 , 𝑓 3,1 , 𝑓 3,14 , 𝑓 3,141 , 𝑓 3,1415 ,…

• Equation 𝑓 𝑥 = 0 could be numerically solved with some method 
such as bisection method
• Example: the equation 𝑥2 − 2 = 0

• The continuity of a function is a sufficient condition for the function 
to have a tangent line. . 
• Contoh: fungsi floor 𝑓 𝑥 = ⌊𝑥⌋ tidak memiliki garis singgung di 𝑥 = 1



Continuity at a point
Limit



Continuity at a point

Definition. A function 𝑓 is continuous at a number 𝑎 if 

lim
𝑛→𝑎

𝑓 𝑎



Continuity at a point

Definition. A function 𝑓 is continuous at a number 𝑎 if 

lim
𝑥→𝑎

𝑓 𝑥 = 𝑓(𝑎)

Requirements for this equation:

• the value 𝑓(𝑎) is defined;

• the limit lim
𝑥→𝑎

𝑓 𝑥 exists; 

• the two are equal.



Continuity at a point

Definition. A function 𝑓 is continuous at a number 𝑎 if 

lim
𝑥→𝑎

𝑓 𝑥 = 𝑓(𝑎)

Requirements for this equation:

• the value 𝑓(𝑎) is defined;

• the limit lim
𝑥→𝑎+

𝑓 𝑥 exists; 

• the limit lim
𝑥→𝑎−

𝑓 𝑥 exists; and

• the three are equal.



Continuity at a point

Theorem.  Let two functions 𝑓 and 𝑔 are continuous at some point 𝑎. Let 𝑘 be a 
real number. Then we have the following functions are also continuous. 

• 𝑓 + 𝑔

• 𝑓 − 𝑔

• 𝑓𝑔

• 𝑘𝑓 and 𝑘𝑔

•
𝑓

𝑔
if 𝑔 𝑎 ≠ 0



Continuity at a point

Definition. A function 𝑓 is discontinuous at a number 𝑎 if it is not 
continuous at that point



Continuity at a point

Definition. A function 𝑓 is discontinuous at a number 𝑎 if it is not 
continuous at that point

Three types of discontinuity

• Removable

• Jump

• Infinite



Continuity at a point

Three types of discontinuity

• Removable
• If lim

𝑥→𝑎
𝑓 𝑥 exist

• Jump
• If lim

𝑥→𝑎−
𝑓 𝑥 and lim

𝑥→𝑎+
𝑓 𝑥 exist but lim

𝑥→𝑎
𝑓 𝑥 ≠ lim

𝑥→𝑎
𝑓 𝑥

• Infinite
• If lim

𝑥→𝑎−
𝑓 𝑥 = ±∞ or  lim

𝑥→𝑎+
𝑓 𝑥 = ±∞ or both



Type of Discontinuity



Example

• Consider ReLU function at 𝑥 = 0.

• Does it have values at 𝑥 = 0?
• Does it have limits at 𝑥 = 0?

• lim
𝑥→0−

𝑓 𝑥 =

• lim
𝑥→0+

𝑓 𝑥 =

• Does it continuous at 𝑥 = 1?



Example

• Consider step function at 𝑥 = 0.

• Does it have values at 𝑥 = 0?
• Does it have limits at 𝑥 = 0?

• lim
𝑥→0−

𝑓 𝑥 =

• lim
𝑥→0+

𝑓 𝑥 =

• Does it continuous at 𝑥 = 1?



Motivation: Numerical Approximation

• Let f be function 

𝑓 𝑥 =
𝑥2−1

𝑥−1

• At x = 1, we got a problem, 
0

0
is not defined.

• But looking in the neighbourhood we got the following tables.

x 0.8 0.9 0.95 0.99 0.995 0.999 1 1.001 1.005 1.01 1.05 1.1 1.2
f(x) 1.8 1.9 1.95 1.99 1.995 1.999 ?? 2.001 2.005 2.01 2.05 2.1 2.2



Motivation: Numerical Approximation

• Let f be function 

𝑓 𝑥 =
𝑥2−1

𝑥−1

• Does it have values at 𝑥 = 1?

• Does it have limits at 𝑥 = 1?
• lim
𝑥→1−

𝑓 𝑥 =

• lim
𝑥→1+

𝑓 𝑥 =

• Does it continuous at 𝑥 = 1?



Motivation: Numerical Approximation

• Let f be function 

• Does it have values at 𝑥 = 𝑎?

• Does it have limits at 𝑥 = 𝑎?
• lim
𝑥→𝑎−

𝑓 𝑥 =

• lim
𝑥→𝑎

𝑓 𝑥 =

• Does it continuous at 𝑥 = 𝑎?



Continuity on an interval
Limit



Continuity on an interval

Definition. Let I be an interval on real numbers. Let 𝑓 be a function 
defined on 𝐼. Function 𝑓 said to be continuous on interval I, if 𝑓
continue at every point on 𝐼.



Continuity on an interval

Theorem. The following function are all continuous function in their 
respective domains.

• Polynomials, 

• rational functions, 

• root functions, 

• trigonometric functions, 

• inverse trigonometric functions, 

• exponential function, 

• logarithmic function, 



Continuity on an interval

Theorem. Given two function 𝑓 and 𝑔. 

Let lim
𝑥→𝑎

𝑔 𝑥 = 𝑏 and  𝑓 continuous at 𝑏. Then we have

lim
𝑥→𝑎

𝑓 𝑔(𝑥) = 𝑓 𝑏 .

In another word, 

lim
𝑥→𝑎

𝑓 𝑔(𝑥) = 𝑓 lim
𝑥→𝑎

𝑔(𝑥) .



Continuity on an interval

Theorem. Given two function 𝑓 and 𝑔 and a real number 𝑎.

If 𝑓 continuous at 𝑔 𝑎 . Then the composition 𝑓 ∘ 𝑔 is continuous at 𝑎.
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