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Motivation: 
Looking for a pattern
Long journey to find 𝜋

- Approximation 𝜋 with 22/7 or 3.14 for which both are wrong

- Facts: 

3.14 < 𝜋 < 22/7

- What is the exact value of 𝜋?
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Motivation: Numerical Approximation

• Let f be function 

𝑓 𝑥 =
𝑥2−1

𝑥−1

• At x = 1, we got a problem, 
0

0
is not defined.

• But looking in the neighbourhood we got the following tables.

x 0.8 0.9 0.95 0.99 0.995 0.999 1 1.001 1.005 1.01 1.05 1.1 1.2
f(x) 1.8 1.9 1.95 1.99 1.995 1.999 ?? 2.001 2.005 2.01 2.05 2.1 2.2
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Definition

• Let f be function defined on an open interval contains c, except 
possibly at c. 

• If the value of f 𝑥 get closer to 𝐿 as 𝑥 get closer to 𝑐 we say that  f 
has a limit at c. 

• We may write 𝑓 𝑥 → 𝐿 as 𝑥 → 𝑐.



Definition

• Let f be function defined on an open interval contains c, except 
possibly at c. 

• If the value of f 𝑥 get closer to 𝐿 as 𝑥 get closer to 𝑐 we say that  f 
has a limit at c. 

• We may write 𝑓 𝑥 → 𝐿 as 𝑥 → 𝑐.

• Formally, we write it
lim
𝑥→𝑐

𝑓 𝑥 = 𝐿



Formal Definition

Let f be function defined on an open interval contains c, except possibly 
at c. The limit of 𝑓(𝑥) as x approach c is said to be equals to L, denoted 
by

lim
𝑥→𝑐

𝑓 𝑥 = 𝐿

if for every 𝜖 > 0, there exist 𝛿 > 0 so that every 𝑥 ∈ 𝐷𝑓 this 
implication holds:

0 < 𝑥 − 𝑐 < 𝛿⇒0 < 𝑓(𝑥) − 𝐿 < 𝜖



Example

Prove that function 𝑓 𝑥 =
𝑥2−1

𝑥−1
has a limit at x=1, that is 2.  



Example

Prove that function 𝑓 𝑥 =
𝑥2−1

𝑥−1
has a limit at x=1, that is 2.  

Proof. Given any 𝜖 > 0 take 𝛿 = 𝜖. Then, if we have 0 < 𝑥 − 1 < 𝛿, 

one could find that

𝑓 𝑥 − 2 =
𝑥2 − 1

𝑥 − 1
− 2 =

(𝑥 + 1)(𝑥 − 1)

𝑥 − 1
− 2 = 𝑥 + 1 − 2 = 𝑥 − 1 < 𝛿 = 𝜖

Or simply, 𝑓 𝑥 − 2 < 𝜖.
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Properties: Uniqueness

Theorem. If limit of f exists on x=c, then it is unique.

In that case, we may write lim
𝑥→𝑐

𝑓 𝑥 as the value of the limits.



Properties

Theorem. Let c and k be real numbers. We have the following 
properties.

lim
𝑥→𝑐

𝑓 𝑘 = 𝑘

lim
𝑥→𝑐

𝑓 𝑥 = 𝑐



Properties

Theorem. Let f and g be functions; k and c be real number. Assume that the limit of f and g 
at c exists, then we have the following properties.

lim
𝑥→𝑐

𝑘 𝑓 𝑥 + 𝑔(𝑥)) = 𝑘 lim
𝑥→𝑐

𝑓 𝑥

lim
𝑥→𝑐

(𝑓 𝑥 + 𝑔(𝑥)) = lim
𝑥→𝑐

𝑓 𝑥 + lim
𝑥→𝑐

𝑔 𝑥

lim
𝑥→𝑐

(𝑓 𝑥 𝑔(𝑥)) = lim
𝑥→𝑐

𝑓 𝑥 lim
𝑥→𝑐

𝑔 𝑥

lim
𝑥→𝑐

(𝑓 𝑥 /𝑔(𝑥)) = lim
𝑥→𝑐

𝑓 𝑥 / lim
𝑥→𝑐

𝑔 𝑥 if  lim
𝑥→𝑐

𝑔 𝑥 ≠ 0



Properties

Corollary. Let f be function; n be a natural number. Assume that the limit of f at c exists, then we have the 
following properties.

lim
𝑥→𝑐

𝑓 𝑥
𝑛
= lim

𝑥→𝑐
𝑓 𝑥

𝑛

lim
𝑥→𝑐

𝑓 𝑥
−𝑛

= lim
𝑥→𝑐

𝑓 𝑥
−𝑛

if lim
𝑥→𝑐

𝑓 𝑥 ≠ 0

lim
𝑥→𝑐

𝑓 𝑥
1/𝑛

= lim
𝑥→𝑐

𝑓 𝑥
1/𝑛

if lim
𝑥→𝑐

𝑓 𝑥 ≥ 0 whenever n is even



Example (1)

lim
𝑥→1

2𝑥 + 1 =



Example (1)

lim
𝑥→1

2𝑥 + 1 = lim
𝑥→1

2𝑥 + lim
𝑥→1

1 = 2 lim
𝑥→1

𝑥 + lim
𝑥→1

1 = 2.1 + 1 = 3



Example (2)

lim
𝑥→1

𝑥2 − 1

𝑥 + 1
=



Example (2a)

lim
𝑥→1

𝑥2 − 1

𝑥 + 1
=

lim
𝑥→1

𝑥
2
− 1

lim
𝑥→1

𝑥 + lim
𝑥→1

1
=



Example (2)

lim
𝑥→1

𝑥2 − 1

𝑥 + 1
=



Example (2b)

lim
𝑥→1

𝑥2 − 1

𝑥 + 1
= lim

𝑥→1

(𝑥 − 1)(𝑥 + 1)

𝑥 + 1
= lim

𝑥→1
𝑥 − 1 = 0
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Example (3)

lim
𝑥→1

𝑥2 − 1

𝑥 − 1
= lim

𝑥→1

(𝑥 − 1)(𝑥 + 1)

𝑥 − 1
= lim

𝑥→1
𝑥 + 1 = 2
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Squeeze Theorem

Theorem. Let f,g,h be functions such that 

𝑓 𝑥 ≤ 𝑔 𝑥 ≤ ℎ(𝑥)

for all x in the “neighbourhood” of c. If limit of f,g,h exists on x=c, then 
we have the following.

lim
𝑥→𝑐

𝑓 𝑥 ≤ lim
𝑥→𝑐

𝑔 𝑥 ≤ lim
𝑥→𝑐

ℎ 𝑥

Moreover, if lim
𝑥→𝑐

𝑓 𝑥 = lim
𝑥→𝑐

ℎ 𝑥 then all three limits are equals.



Example (3)

lim
𝑥→0

𝑥2 sin
1

𝑥2
=

Observe that 

• lim
𝑥→0

𝑥2 = 0

• lim
𝑥→0

−𝑥2 = 0

• −1 ≤ sin 𝜃 ≤ 1 for all 𝜃.
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Example (3)

−1 ≤ sin
1

𝑥2
≤ 1

−𝑥2 ≤ 𝑥2 sin
1

𝑥2
≤ 𝑥2

lim
𝑥→0

−𝑥2 ≤ lim
𝑥→0

𝑥2 sin
1

𝑥2
≤ lim

𝑥→0
𝑥2

0 ≤ lim
𝑥→0

𝑥2 sin
1

𝑥2
≤ 0

lim
𝑥→0

𝑥2 sin
1

𝑥2
=




